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Abstract 

This is the second version of the paper. There are several additional results. This version 
has been submitted for publication under the title "Catalan lattice paths with rook, queen 
and spider steps." 

A lattice path is a path on lattice points (points with integer coordinates) in the plane in 
which any step increases the x- or y-coordinate, or both. A rook step is a proper horizontal 
step east or vertical step north. A bishop step is a proper diagonal step of slope 1 (to 
the northeast). A spider step is a proper step of finite slope greater than 1 (in a direction 
between north and northeast). A lattice path is Catalan if it starts at the origin and stays 
strictly to the left of the line y — x~l. We give abstract formulas for the ordinary generating 
function of the number of lattice paths with a given right boundary and steps satisfying a 
natural slope condition. Explicit formulas are derived for generating functions of the number 
of Catalan paths in which all rook steps and some (or all) bishop or spider steps are allowed 
finishing at (n,n). These generating functions are algebraic; indeed, many satisfy quadratic 
equations. 
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1. Paths and boundaries 

Let S be a subset of N x N, where N is the set of non-negative integers. An S- 
path from the point (no, mo) to tlic point (n, m) is a sequence of pairs (called steps) 
(ai, 61), (02, 62), ■ ■ ■ , (flfc, bk) from S such that 

(no + 01 + 02 H h Ofc, mo + 61 + 62 H \-bk) = {n,m). 

The steps (a, 0) and (0,a), a > 0, arc called rook steps, the steps (a, a), a > 0, arc called 
bishop steps, and the steps {a,b). b > a > arc called spider steps. Let a„,m be the 
number of 5-paths from the origin (0, 0) to the point (n, m). Then a„,m is finite if and only 
if (0, 0) ^ S. If (0, 0) ^ S, then a simple argument yields the following bivariate generating 
function 

00 ^ 
A{x,y)= an,mx'-'y"' = — ^. 

In the rest of this paper, wc shall always assume that (0, 0) ^ 5*. Examples of S-paths are 
classical lattice paths (S — {(1, 0), (0, 1)}), rook paths {S = {(o, 0),(0, a) : a > 0}), and 
queen paths {S = {{a, 0), (0, a) : a > 0} U {{a, a) : a > 0}). 

We can represent an S-path (ai, 61), (02, 62), ... , (a*, bk) from (no, mo) to (n, m) geomet- 
rically by the union of the line segments 

(no, mo), (no + oi,mo + 61), (no + oi,mo + 61), (no + ai + 02, mo + 61 + 62), - - - , 
(no + ai + a2 H h afc_i, mo + 61 + 62 H h bk-i), (n, m), 

so that an S-path is a piecewise linear path. We call the points 

(no, mo), (no + ai, mo + 61), (no + ai + 02, mo + 61 + 62), - - - , 

(no + 01 + 02 H h ttk-i, mo + 61 + &2 H h bk-i), (n, m), 

the nodes of the path. 

Let s be a non-decreasing sequence (si)o<i<oo of positive integers. An 5'-path starting 
from (0, 0) has (right) boundary s if as a piecewise linear path, it lies strictly to the left of 
the union of the line segments 

(so, 0), (Sl, 1), (Sl, 1), (S2, 2), (S2, 2), (S3, 3), . . . , 

or, equivalently, every node of the S-path of the form {x,i) satisfies x < Si. 

An S'-path is Catalan if it starts at the origin (0, 0) and has right boundary (1, 2, 3, . . .). 
When a Catalan {(0, 1), (1, 0)}-path is rotated clockwise by 45 degrees, one obtains a Dyck 
path. Thus, Catalan S-paths may be considered as Dyck paths with more types of steps. 

A set S satisfies the siope condition for the boundary s if for every pair (a, b) with b ^ 
in S, and every index i, 

Si+i > Si — 1 + a/b, Si+2 > Si — 1 + 2a/b, Si+b > Si — 1 + a, 

or, equivalently, an S-patli can touch or cross the boundary s only at a horizontal step. 
Classical lattice paths, rook paths, and queen paths all satisfy the slope condition relative 
to the Catalan boundary (i -|- 1). 



2. A combinatorial bijection 
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Let s — (si), be a non-decreasing sequence of positive integers, AP(n, m) be the set of all 
S-paths from (0,0) to (n, m), ~ |AP(n,m)|, Path(n) be the set of S-paths from (0,0) 

to (s„ — 1, n) with right boundary s, p„ = |Path(ri)|, and LHP(n) be the subset of S'-paths 
in Path(n) such that the last step is a horizontal step. 

We begin with a combinatorial bijection. The idea behind the bijection was used in an 
earlier paper [B]. 

Lemma 2.1. Suppose that S satisfies the slope condition for the boundary s and that S 
contains all proper horizontal steps (a, 0), a > 0. Then there is a bijection between 

AP(s„ - l,n) 
and the following union of three disjoint subsets: 

n-1 

y [Path(m) X [u;^o''"''AP(j,n-m)]] 

m=0 
n-1 

U y [LHP(m) X [u;^o^'--^AP(i,n-m)]] 

m=0 

U Path(n). 

Proof. Paths in AP(sn — l,n) either have boundary s or not. Those having boundary 
s wee mapped onto themselves in the third subset Path(n). 

Next consider S-paths from (0,0) to (s„ — l,n) which fail to have boundary s. We will 
decompose these paths into an initial subpath and a final subpath. Let (d, m) be the first 
node on or to the right of the boundary. Then < m < n — 1 and Sm < d < Sn — 1. 
From the point {d,m), the path goes as it wishes to the point (sn — l,n), so that the set 
of final subpaths from (d, m) to («„ — l,n) is in bijection, by a translation, with the set 
AP(s„ — d — 1, n — m). 

There are more possibilities for the initial subpath from (0,0) to {d,m). By the slope 
condition, the step to (d, m) is a horizontal step. As horizontal steps can be of any nonzero 
length, the node before (d, m) was (c, m) for some c < Sm — 1. There are two cases, according 
to whether this inequality is an equality or not (the latter being only possible if Sm > 1). 

Case 1, c = Sm — The initial subpath consists of a path in Path(m), followed by the 
step (d — Sm + 1, 0), taking us to (d, m). In this case, the path is decomposed into an initial 
subpath in Path(m) followed by a horizontal step of size d — Sm + 1 and a final subpath 
which is in AP(sn — d — 1, n — m) after a translation. 

Case 2, c < Sm — 1- The last step in the initial subpath is a "long" horizontal step 
taking us from (c, m) through the boundary to (d, m). We break up this long step into two 
shorter steps at {sm — l,m). Specifically, we take the path from (0,0) to (c, m), and add 
a horizontal step {sm — c — 1,0), so that we now end at {sm — l,m). We then continue 
with a step {d — Sm + 1, 0) which brings us through the boundary to {d,m). In this case, 
the path is decomposed into an initial subpath in LHP(m) and a final subpath which is in 
AP(sn — d — 1, n — m) after a translation. 

In both cases, the decomposition is reversible and hence, bijective. This completes the 
proof of the lemma. 
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Lemma 2.1 implies immediately that 



— IjTl — Pn ~t~ ^ ^ Pmi^dQ^n — m ~t~ ttl,n — m ~t~ ' ' ' ~t~ (Xs^ — Sjn — l,n — m ) 
771=0 

n-1 

+ |LHP(m)|(ao ,n—m ,n—m ~t~ * * * ~t~ fisn- Sm — l,n— m)- 

m=0 

Prom now on we restrict to the case so = 1- Then po = 1 and |LHP(0)| = 0. For m > 1, 
we write |LHP(m)| = pm — dm, where dm is the number of paths in Path(m) that end in 
a non-horizontal step. By doing minor manipulations and setting do = 0, we obtain the 
following corollary. 

Corollary 2.2. Under the hypotheses in Lemma 2.1, if so = 1 then 

flO.n + ai.Ti + • • • + as„-2,n + Cls„-l,n 

n-1 

— Pn ^" ^ ^ '^Pm{P'0,n—m ~l~ (il,n—m ~t~ * * * ftsn— Sm — Ij^- m) 
m=0 
n-1 

^ ^ dm{,(^Q,n—m ~\~ Ojl,n—m ~t~ * * * ~l~ ttg^- s^ — l^n- m)- 

In the Catalan case, where the boundary is (i + 1), the recursions in Corollary 2.2 can be 
combined to obtain a formula for the ordinary generating function of pn- Let h be an integer 
and 

oo 

oo 
oc 

Dh{t) = ^ Un-h.nt"'- 
n=h 

In general, Dhit) the generating function of S-paths in a rectangle where the height is h 
units "larger" than the width. In particular, Do (t) is the diagonal of the bivariate generating 
function A{x, y) for S-paths. 

To calculate the series Q{t), we observe that the slope condition for the Catalan boundary 
implies that if a path in Path(m) ends with a non-horizontal step, then that step must be a 
bishop step (a, a) for some a > 0. Removing that bishop step yields a path in Path(m — a). 
Conversely, if (6, 6) £ S, every path in Path(m — b) extends to a path in Path(m) with last 
step (6, 6). Hence, 

dm ^ ^ ^ Pm— a, 

where I = {a: (a, a) € 5}. In terms of generating functions, this says that Q{t) = P{t)T{t), 
where 

T(^) = ^^^ 

For rook paths, T{t) = 0, and for queen paths, T{t) = ^^7- 
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Now take the recursions in Corollary 2.2 and multiply the n-th recursion by t", obtaining 
ao,o = Po 

(ao,i + ai,i)t = Pit + 2poao,it - doflo.ii 
(ao,2 + cii,2 + 02,2)*^ = P2t^ + 2piao,it^ + 2po(fflo,2 + 01,2)^^ - rficio,!*^ - d()(ao,2 + £11,2)^^ 
(ao,3 + ai,3 + 02,3 + 03, 3)^^ = P3t'^ + 2p2ao,it^ + 2pi(ao,2 + ai,2)t^ + 2po(ao,3 + ai,3 + 02, 3)^^ 

— d20o,it^ — di(ao,2 + ai,2)i^ — do(ao,3 + 01,3 + 02,3)t^, 



with the n-th equation given by 

(aO,n + ai,n + • • • + ffln,n)i" = 

Pni^ + 2pn-iao,it" + 2p„_2(ao,2 + ai,2)t" H h 2po(ao,n + ai,n H + a„-i,n)t" 

—d„-iao,it^ — d„-2{ao,2 + ai,2)i" — • • • — do(ao,n + ai,n + •••-!- (in-i,n)^"- 

Summing down subdiagonals on the left hand side, we obtain 

Do{t) + Di{t) + D2{t) + ■ ■ ■ 

For the right hand side, observe that 

P(t)Di{t) =poao,it+ (poffli,2 +Piao,i)t^ + {paa-z;^ +piai,2 +P2ao,i)i^ H , 

P(t)D2{t) = pQa(),2t^ + (pocii.a +Pifflo,2)t^ + (poa2,4 +piai,3 + P2ao,2)t'^ H , 

and so on. Analogous formulas hold for Q{t) : 

Q{t)Di{t) = doao,it + (doai,2 + diao,i)t^ + (doa2,3 + diai,2 + ^200,1)*^ H , 

and so on. Summing along "subdiagonals" on the right hand side, we conclude that 

Do{t) + Di{t) + D2{t) + ■ ■ ■ 

= P(t) + 2P{t){Dj{t) + D2{t) + ■■■)- Q{t){D-i{t) + D2{t) + •••)■ 
Using the fact that Q{t) = P{t)T{t), we obtain the following theorem. 

Theorem 2.3. If 5 contains all proper horizontal steps (o, 0),o > 0, and satisfies the slope 
condition for the boundary (i + 1), then 

Do{t) + Di{t) + D2{t) + ■ ■ ■ 



l + {2-T{t)){Di{t) + D2{t) + ■■■)' 



Our method can be adapted to the following theorem. 

Theorem 2.4. If S contains (1,0) and no other horizontal step and satisfies the slope 
condition for the boundary (i + 1), then 

P(t)= 



1 + Di{t)' 
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Theorems 2.3 and 2.4 cover the extremes, where S contains exactly the unit horizontal 
step or all horizontal steps to the right. Let M be a positive integer and, for a < M, let 
LHPa(n) be the subset of those S-paths in Path(n) that end in a horizontal step (a,0). 



Lemma 2.5. Let M be an integer greater than 1. Suppose that S satisfies the slope condition 
for the boundary s and that S contains exactly the horizontal steps (a, 0), < a < M. Then 
there is a bijection between AP(s„ — l,n) and the following union of three disjoint subsets: 

n-l 

y [Path(m) X [u;^;:::-„^^AP(i,n-m)]] 

M-l 

y LHP^m) X ^lZ^rJ:-M+a^nj,n- m)] U Path(n) 



n-l 

u u 

m = 



The proof of Lemma 2.5 is similar to the proof of Lemma 2.1, but we need to understand 
how the restriction on the length of the horizontal steps affects the bijection. In the bijection, 
each path in AP{s„ — 1, n) is decomposed into an initial subpath ending at {sm — 1, rn) for 
some m, a horizontal step, and a final subpath. In Case 1, the only effect is that the possible 
starting points for the final subpath are restricted. In Case 2, two proper horizontal steps 
are joined into one "long" horizontal step. This can only be done if the sum of the length 
of the last step in the initial subpath and the length of the adjoined horizontal step does 
not exceed M. This imposes restrictions on the length of the last step as well as the starting 
point of the final subpath. 

The combinatorics of LHPa(m) is more complicated and there seems to be no direct 
analog of Theorem 2.3. 



3. Catalan rook and queen paths 

Let P = {1, 2, . . .}, the set of positive integers, and / CP. An /-queen path is an S-path 
where 5* — {(a,0),(0, a) : < a < oo} U {{a, a) : a £ /}. For example, a rook path is an 
0-queen path and a queen path is a P-queen path. In this section, we show how the formula 
in Theorem 2.3 can be made explicit for Catalan /-queen paths. 

As in Section 2, let T{t) — X^as/^"' Then the bivariate generating function A{x,y) for 
the number a„,m of /-queen paths from (0, 0) to (n, m) is given by 



A{x,y) = 




The series Dh{t) can be calculated from A(x,y) using a standard method (see or [7], 

Section 6.3). This method is based on the observation that Dh{t) is the coefficient of s*" 
when A{s~^ , st) is expanded as a doubly infinite series in s. Let 

B{s,t) = A{s''^,st). 

Then 



B{s,t) = 
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where C = 1 — T{t). Expanding, we have 



1 + C 1 + C 



t-1 
1+C 



C + Ct + 2t 
1 + C 



s + ts 



Let a and /3 be the roots of the denominator in B{s,t), with 



C+{C + 2)t+ ^C'^ - (2C2 + 4C + 4)t + (C + 2)H'^ 



2(1 + C)i 
1 1+C 



1 + C C(l+C) C3 



t + -- 



and 



/3 



C + (C + 2)i - ^(72 - (2C2 + 4C + 4)t + (C + 2)2^2 



2(1 + C)t 



1 + C 1 + 



C C3 

Next, we expand B{s,t) into a partial fraction, obtaining 



B{s,t) = ^^+ ^ 



where 



A 



1 + C (1 + C) 

(t-1), B 



A B 
+ ■ 



t{s-a) t{s-l3) 



-{t-1). 



(l + C)(a-/3)^" " (i + c)(a-/3)' 

Since a is a proper Laurent series (that is, it has negative powers of t), /3 is a power series 
(that is, it has no negative powers of t), and B{s,t) is a doubly infinite series in s, but not 
in t, the correct expression is found by writing 

, . _ A B 

^ ~ 1 + C (1 + C)tail - SQ-i) (1 + C)ts(l - s-i/3) • 

Expanding, we have 

1 A 



B(s,t) 



s s 

1 + - + ^ + ' 



1 + C (1 + C)ta V a a2 
From this, we see easily that 

1 



B /^l A ^ 
^ {1 + C)t ^' 



Do{t) 



1 + C (1 + C)ta 



and for h > 0, 



as well as 



Dh{t) = 



A 



(1 + C)tQ''+i 



h=0 

oc 



+ ■ 



A 



1 + C (l + C)t(l-a)' 

A 

{1 + C)ta{l- a)' 
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Using Theorem 2.3, we conclude that 



1 A A 

1 + 



P(t) = + _ t(l^a) 



. , {2-T)A {2-T)A - 
(1 + C)ta(l - a) tQ(l-a) 

We now have the tools to derive several explicit formulas in a uniform way. We begin 
with Catalan rook paths. In this case, T{t) = 0, C = 1, 



1 + 3i + Vl - lot + 9t2 1 + 3i - Vl - lot + 9*2 
4^ ' ^= 4^ ' 

and 



. _ 1 - lot + + (1 + 3t)Vl-10t + 9t2 
4(9t - 1) 

After some algebra, we obtain the following generating function. 
Theorem 3.1 (Catalan rook paths). 



. . _ 1 + 3t - yi - lot + 9t2 _ p 



Expanding this formula gives 

Prook(t) = 1 + t + 5t^ + 29t^ + 185t* + 1257t* + ■ ■ • . 

Using standard techniques (see, for example, 2, Chapter VI]) we obtain the following asymp- 
totic formula. 

Corollary 3.2. 

3\/2 9" 



Note that Prook(i) satisfies the quadratic equation (in the variable y)\ 

4ty^ - (1 + 3t)y +1 = 0. (1) 

The generating function Prook(t) was derived earlier by Coker [T] by showing that it satisfies 
equation (1). In addition, Woan [8] used a three-term recurrence to find prook.n. 
Little seems to have been done on Catalan queen paths. For these paths, 

r(t)= ' 



c = 1 



i-t' 

t 1 - 2t 



1-t ^ 1-t ' 
1 + t - 4t^ + (1 - t) yi - 12t + 16t2 
2t(2 - 3t) ' 
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Theorem 3.3 (Catalan queen paths). 

(1 - + t - 4t^) - (1 - tfVl - I2t + 16*2 



-Pqueen(^) — 



2t{2 - 3t)2 



Expanding Pquoen(t), wc have 

l + 2t + lOt'^ + 63t^ + 454t^ + 3539t^ + 29008*'' + 246255*'^ + 2145722i* H 

The first few coefhcients appear as sequence A175962 in the OEIS, the On-line Encyclopedia 
of Integer Sequences. We also have the following asymptotic formula. 

Corollary 3.4 

(35- 15V5)(3V5-5)^/^ (2(3 + ^5))" 



Pqueen,7i 



2^2 



Note that 2(3 + %/5) ~ 10.47, while the growth constant of Catalan rook paths is 9 and that 
of classical Catalan paths is 4. Prom the formula for Pqueen(t), we deduce that it satisfies 
the quadratic equation: 

t{2 - Stfy"^ - {4t^ - + l)y + (1 - tf = 0. 

We next consider Catalan J-queen paths where I is an initial segment of the positive 
integers. For a positive integer r, let Sr = {{a, 0), (0, a) : 1 < a < oo} U {(a, a) : 1 < a < r} 
and Pr{t) be the generating function for Catalan 5r-paths. Our method yields the following 
formulas for small values of r : 



l + 2f -f- - J(t - - lit - 7f- +t-^) 2 1 4 

Pi{t) = 2t{t-2y'' =l + 2t + 9f + 57t' + 41U'' + • • • , 

1 + 2f - 2^2 - 2t^ - - ^{t - 1)(-1 + nt - 5t^ - 5t^ - 7t^ + t^+t^+ f') 
" 2t(-2 + t + t2+t3)2 

= 1 + 2i + lOi^ + 63t^ + 453i'' H 

The first r + 1-st terms of Pr{t) and Pqueen(t) agree, as expected. The first few coefficients 
of Pi{t) and P2(i) appear as sequences A175912 and A175939 in the OEIS. 

A natural question is to ask for the generating functions for Catalan paths in which both 
rook and bishop steps have bounded length. As explained at the end of Section 2, the only 
cases that follow readily from our theory are those where (1,0) is the only possible horizontal 
step. For a subset J in P, let Pi,j(t) be the generating function for the number of Catalan 
[{(1, 0), (0, 1)} U {(a, a) : a € J}]-paths. Using the same method as for Catalan 7-queen 
paths, we obtain the following theorem. 

Theorem 2.5. Let J C P. Then 



p ... l-Tj{t)-^[l-Tj{t)]^-4t 
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where Tj{t) = j:^^ J t\ 



When J = (I) and J = {1}, we have the classical generating functions for Catalan and 
Schroder paths. For J = {2}, J = {1, 2}, and J = P = {1, 2, . . .}, we have 



P. At) = = l + 2t + 7e + 28*3 + 122*^ + . . 

The first few coefficients of ^i,{i,2}(^) appear as sequence A175934 in the OEIS. 



4. Catalan paths with queen and spider steps 

For more general sets S of steps, the conditions necessary to perform calculations akin 
to those in Section 3 are summarized in the following theorem. 

Theorem 4.1. Assume 5 satisfies the slope condition for the boundary (t + 1) and 
that it contains either all proper horizontal steps (a, 0), o > 0, or exactly one horizontal step 
(1, 0). If the generating function A(x, y) is rational and T{t) is algebraic, then the generating 
function for Catalan S-paths is algebraic. 

Wc will give two examples of paths to which the theorem applies. We begin with a simple 
example. A Tuggcr path is an S-path, where S = {(1, 0), (0, 1), (1, 2)}. The set S contains 
the unit horizontal and vertical step, as well as the shortest spider step (1,2). It satisfies 
the slope condition for the Catalan boundary. We can use Theorem 2.4 and the method in 
Section 3 to obtain the following formula: 

m - l-Vl-4*-4*^ 

2t(TTt) ■ 

Expanding i-'Tugger(t), we have 

1 + t + 3t^ + 9*3 + 31f* + 113t^ + 431t® + 1697t^ + 6847t* + • • • . 

Also, 

r 77= (2 + 2^2)" 

PTugger.n ~ \/ 4 - 2V2 • -^^ ' . 



Now let M = {(a, 0), (0, a), (6, c) : a > 0, 1 < 6 < c}. As well as rook and queen steps, 

the set M contains all spider steps and is the largest set of steps that satisfies the slope 
condition for the Catalan boundary. For these paths, the bivariate generating function is 
given by 

AM{x,y) =(2--^- (^^) (j^ 

Using Theorem 2.3 and the method in Section 3, we obtain the following formula for the 
generating function PM{t) for Catalan M-paths. 
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Theorem 4.1 (Catalan M-paths). 



„ 3t^ -t-l + Vl - Ut + 35*2 _ 30^3 + 9^4 

= S(3r:2) 



Expanding, we have 

P{t) = l + 2t+ nt^ + 75t^ + STSt"* + 4791t^ + 41657t^ + 374728t^ + 34580734® + • 
Prom the formula, we deduce that Pm(*) satisfies the quadratic equation 

2t{3t - 2)i/ - (3t^ -t-l}y + {t-l)=0. 
We also derive the asymptotic formula 

7" 



PM,n ~ W- 



where 7 and w are algebraic numbers with 7 = 11.0785 . . . and w = 0.6968 . . 



5. Step enumerators 

Our methods can be used to calculate step enumerators of Catalan paths. Let 5* be a set 
of proper steps. A weight w on S is a function S ^ A, where A is a commutative ring with 
identity. Usually, we will take A to be the ring of polynomials with complex coefficients in 
many variables and assign a variable as the weight of a step. If X is a set of 5-paths, we 
define the step enumerator e"" [X] by 

e'^[X]= ^ w{si)w{s2)---w{sj). 

(si,S2,...,Sj)SX 

The following lemma (which is almost tautological) says that step enumerators are muiti- 
plicative. 



Lemma 5.1. Let X be a set of paths which can be decomposed into the cartesian product 
y X Z so that each path in X is the concatenation of a path in Y and a path in Z. Then 

e^[X]=e'"[Y]e'"[Z]. 



Next, define A'^{x,y) and oj^ ^j by the equation: 

A-ix,y)= f; a:,^x"2/'" = I 1 - ^ «;((a,6))xV 

n,m=0 y (a,b)eS 

Then ttn^rn is the step enumerator of the set of all S-paths from (0, 0) to (n, m) and A™ (a;, y) 
is the bivariate generating function of a^^^. In the same way as in Section 2, we define the 
generating functions D]^{t) and T'"(t). Finally, let be the step enumerator for Catalan 

S-patlis ending at (n, n) and 

00 

(t) = Z^Pnt . 

i=0 
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The proofs of the two theorems in Section 2 can easily be modified using Lemma 5.1 to 
yield the following weighted versions. 



Theorem 5.2. 

(a) If S contains all proper horizontal steps (a, 0),a > 0, S satisfies the slope condition 
for the boundary (i + 1), and the same weight p is assigned to all horizontal steps (a, 0) in 
S (regardless of length), then 

Dl^{t) + DT{t) + D^{t) + --- 



1 + (1 + p - T^{t)){D^{t) + D^{t) + •••)■ 
(b) If S contains no horizontal step but (1, 0) and it is assigned the weight p, then 



l + pD^{t) 



We will illustrate Theorem 5.2 with the simple case of Tugger paths, where we impose 
the weights w((l, 0)) = w((0, 1)) = p and w((l, 2)) = a. Then 



1 - yi - 4pH - 4pat^ 
^Tugger (t;P,(^j - 2pt{p + at) ■ 

Expanding PTagger{t', P,'^), we have 

l+p^t+(2p*+p<T)t^+(5pV4pV)t^+(lV+15p^cT+2pV^)t*+(42p^°+56pV+15pV^)t^+- • • . 

We next calculate generating functions for the step enumerators for Catalan rook, queen, 
and M-paths. These generating functions are rather complicated. The reader who needs 
to use them should calculate them using computer algebra. For this purpose, we provide 
quadratic equations for which they are power-series roots. We begin with enumerators 
for rook paths by the number of horizontal and vertical steps. Let w{{a,0)) = p and 
w((0,o)) = u. Then 

PZo^{t;p,,y)=r/a + p) 

_ 1 + {1 + p + v)t- + p + i^ + 2pu]t + [1 + (p + i^)(2 + p + l^)]f^ 

2{1 + p){l + iy)t 

where /J™ is the power-series root of the quadratic equation (in the variable s): 

(1 + v)ts^ -[l + {l + p+ v)t]s + {l + p) = Q. 
Expanding -Prook(^i obtain 

l+p!/t+(p;^+p!/'^+p'^i^+2p'^!/'^)f'^ + (pi^+2pi/'^+2p'^!/+pi^'^+p'V+7p'^i^'^+5p'^;/'^+5p'V'^+5p'V'^)f'*+- 

Setting u = p,^e obtain the generating function for enumerators of rook paths by the total 
number of steps: 

pn, . ^ l + (l + 2p)^- V(l-t)(l-(l + 2p)2t) 

^rookl.r,PJ 2t(l + p)2 

Expanding P^^f^{t;p), we obtain 

1 + p^'i -f {p^ + 2p^ + 2p*)t^ + (p^ + 4p^ + 9p* + lOp^ -1- 5p'^)t^ + • • • 
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Rook-path enumerators by total number of steps have been studied earher in Coker [T]. 

Moving on to queen paths, let a rook step have weight p and a bishop step have weight 
w. Then P^u^anit; P,^) equals 

(1 ~ t)[{l -~{uj- 2p)t ~{uj + 2p+ l)t^] - (1 - t)^/r - [{2p + 1)2 + 2LJ + l]t + [1 + (2p + + 2)(2p + ij)]t^' 

2t[p + 1 - {p + uj + l)t]2 

The generating function Pqu_ccniij py^) is the power-series root of the quadratic equation (in 
the variable y): 

t[p+l-{p + uj + l)tfy' - (1 - t) [(1 - (a; - 2p)t -{u) + 2p+ l)i']y + {I - tf = 0. 

Expanding P^^^^^-^{t; p,uj), we have 

1 + (p^ + u})t + (a; + o;^ + Sojp'^ + P^ + 2p^ + 2p*)t^ + • • • . 

We end with Af-paths. The actual generating functions are complicated. In the simplest 
case, when all steps have the same weight p, p) is the power-series root of the quadratic 

equation: 

(1 + p)t[(2p +l)t-p~ l]y^ - [(2p + l)t^ -pt- l]y + {t - 1) ^ 0. 
Expanding PM^t', p), we have 
l + ip + p')t + {p + 3p' + 5p^ + 2p^)t^ + {p + 5p' + VJp^ + 27p* + 2Qp'' + Sp'')*^ + ■■■ . 



6. Other boundaries 

Can our method for counting paths with Catalan boundaries be adapted to paths with 
other periodic boundaries? To partially answer this question, consider S-paths with bound- 
ary {2i -\- 1) , where 5* is any set of steps that contains all proper horizontal steps and satisfies 
the slope condition for this boundary. From the recurrence in Corollary 2.2, we arrive at the 
following expression for the generating function for these paths: 



p{t) = 



i + (2-r(t)) 

where 



Dh{t) + D^h{t) - Y ffln,2nt" 



= ^a„+h,„r and T{t) = ^ t". 

n = h (2a,a)gS 

Unfortunately, it seems hard to obtain a closed form for the series D-h{i) from the bivariate 
generating function A{x,y). 
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